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ASYMPTOTIC ANALYSIS OF A MULTIPHASE DRYING MODEL MOTIVATED BY
COFFEE BEAN ROASTING *

NABIL T. FADAI', COLIN P. PLEASET, AND ROBERT A. VAN GORDER'

Abstract. Recent modelling of coffee bean roasting suggests that in the early stages of roasting, within each coffee bean,
there are two emergent regions: a dried outer region and a saturated interior region. The two regions are separated by a
transition layer (or, drying front). In this paper, we consider the asymptotic analysis of a multiphase model of this roasting
process which was recently put forth and studied numerically, in order to gain a better understanding of its salient features.
The model consists of a PDE system governing the thermal, moisture, and gas pressure profiles throughout the interior of
the bean. Obtaining asymptotic expansions for these quantities in relevant limits of the physical parameters, we are able to
determine the qualitative behaviour of the outer and interior regions, as well as the dynamics of the drying front. Although
a number of simplifications and scaling are used, we take care not to discard aspects of the model which are fundamental
to the roasting process. Indeed, we find that for all of the asymptotic limits considered, our approximate solutions faithfully
reproduce the qualitative features evident from numerical simulations of the full model. From these asymptotic results we
have a better qualitative understanding of the drying front (which is hard to resolve precisely in numerical simulations), and
hence of the various mechanisms at play as heating, evaporation, and pressure changes result in a roasted bean. This qualitative
understanding of solutions to the multiphase model is essential if one is to create more involved models that incorporate chemical
reactions and solid mechanics effects.
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1. Introduction. As one of the most valuable commodities in the world [1], the coffee industry relies
on fundamental research to improve the techniques and processes relating to its products. In particular,
in this paper, we will focus on the roasting process of coffee beans. Most of the literature concerning the
roasting of coffee beans present experimental data (see e.g. 2, 3, 4]), and use regression analysis and simple
empirical models to interpret the results. Recently, the literature has included a more in-depth discussion
concerning the mathematical modelling of the roasting of coffee beans (see e.g. [5, 6]). While other aspects
of coffee processing have been examined from a mathematical perspective (e.g. [7]), mathematical models
to describe the roasting of coffee beans have, with the exception of a few studies, been largely unexplored.

In [5], a system of partial differential equations (PDEs) modelling the transport of moisture and heat
throughout a coffee bean were derived and studied. This model uses the concept of “mass diffusivity” to
describe the transport of moisture in the coffee bean that was originally derived in [8], which applies to lower-
temperature evaporation. The ideas in [5] served as excellent motivation for the authors in [6] to derive a
mathematical model from first principles using conservation equations. In [6], the concept of multiphase
flow and water evaporation were included, and the resulting multiphase model (referred to as Model 2 in [6])
incorporated the production of carbon dioxide gas, latent heat due to evaporation within the coffee bean,
and the changing porosity of the bean. The use of multiphase modelling was previously applied in a variety
of food heating problems [9, 10, 11, 12, 13, 14] (of particular relevance was the bread baking model of Zhang
et al. [15]), and is a natural framework to model the coffee bean roasting process. Some simplifications
were made to this full model (in particular, neglecting carbon dioxide production) in order to allow some
preliminary understanding of the model behaviour. By examining the numerical solution of this multiphase
model, a “drying front” that propagates through to the center of the bean.

Mathematical models describing drying have been explored previously (see e.g. [16, 17, 18]), which
relate the drying of wood, bricks, and other materials. However, in these models, the crucial parameter
regime being explored is when water vapour produced from evaporation can easily permeate through the
material and reach the external environment. Due to the rigid, impermeable cellulose structure within a
coffee bean, the water vapour created in a coffee bean’s biological cells cannot be easily released into the
roasting environment. In consequence, the ratio between evaporation dynamics and vapour transport is very
large, which motivates us to explore the leading-order dynamics of coffee bean roasting using asymptotic
analysis. Hence, the model presented here should be appropriate to any drying problem where these physical
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phenomena are relevant.

As we have seen previously in [6], numerical results suggest that there are three main regions within a
coffee bean as it is roasted. The first main region (which we refer to as Region i) is where the vapour pressure
of water aligns with the steam table pressure. The second main region (which we refer to as Region ii) is when
the moisture content of the bean is negligible. Between these two regions, we expect a thin transition layer,
or “drying front”, in which the moisture content is rapidly evaporated away. Issues surrounding numerical
resolution make it difficult to resolve the dynamics near the drying front. In light of these observations, we
are motivated to extend the numerical results shown in [6] via asymptotic methods in order to understand
the qualitative features of the multiphase model, and in particular, the interplay between the transition layer
and the two larger regions.

In the present paper, we begin our discussion of the asymptotics of the full multiphase model in Sec. 2.
Motivated by the numerical results seen in [6], we determine an approximate form of the drying front. We
then obtain the leading-order asymptotics in Regions i and ii, as well as within the drying front. Despite
several simplifications, we are able to obtain reasonable agreement between the asymptotic approximations
and the numerical solution of the multiphase model described in [6], and are confident that the asymptotics
capture the qualitative dynamics of the problem. In order to obtain more explicit results, and motivated by
the fact that the coffee bean is at roasting temperature throughout most of the roasting process, in Sec. 3 we
fix the temperature at the roasting temperature. Under this assumption, the vapour pressure and moisture
content remain constant to leading order in Region i, while the the dynamics within Region ii reduce to a
Stefan problem [19], to leading order. By considering the case of a large Stefan number limit, we determine
a leading-order expression for the drying front for various geometries. As we will only focus on symmetric
geometries (e.g. planar and spherical geometries), we can obtain explicit expressions for the drying front
where there is only one spatial variable. This single spatial variable will be denoted as r in all geometries
considered. We focus on the planar and spherical geometries in particular as it is reasonable to represent a
coffee bean either as a sphere, or as a slab of porous material “curled up” into the shape of a bean. In [6]
and in Secs. 2-3, the evaporation is modelled by Langmuir’s evaporation equation [20], and this may not
be the most accurate way to represent the evaporation of water in a coffee bean. Therefore, in Sec. 4, we
consider a more general evaporation rate for the multiphase model. While the dynamics inside the drying
front, where evaporation dominates water transport, will vary, we determine that the qualitative behaviour
in Regions i and ii remains unchanged to this larger class of evaporation rates, suggesting that the explicit
choice of evaporation equation is not pivotal to a qualitative understanding of coffee bean roasting. Finally,
in Sec. 5, we provide a summary and discussion of the results.

2. Asymptotics of the Multiphase Model with Variable Temperature. The full multiphase
model that we will analyse is described by the PDEs in symmetric geometries (i.e. using a single spatial
variable r)

oS 1
1 = 7
(1) ot e
@) o [1+7)P(1—-0S)] _ 108 v. (1+7)PVP
ot 1+.9T S0t 1+J71T |’
oTr 0 oS
(3) §+A1§[S(1+9T)]—A2§+A3V-[(1+A4S)VT],
with the symmetry conditions at the centre of the bean (i.e. 7 =0)
4) VI n=0, VP-n=0,
the boundary conditions at the surface of the bean (i.e. r =1)
1-0S 1+ Ay
T -n= 1-T
5) vi-n ”<1g>(1+,44s)( )
Psp(T), T <1,
©) o { sr(T), T <
P, T>T,,
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and the initial conditions
(7) S(r,0)=1, T(r,00=0, P(r,0) = Psr(0).

Here, the evaporation rate I,, and steam table pressure Psy(T) are given by

(8) I, =S(1—08)(Psp — P)\/lljz and  Pgr(T) = exp (M) '

A complete derivation of this model from the “simplified” multiphase model presented in [6] can be found in
Appendix A. Here, S is the saturation (the volume fraction of water divided by the total volume of water
and gas), I, is the evaporation rate of water, P is the partial pressure of water vapour, T is the normalized
temperature, and pgp is the steam table pressure. Our three PDEs describe conservation of mass in water
and vapour, as well as conservation of energy. The only transport mechanism considered for water is via
evaporation, whereas in the gas phase, water vapour is transported either via evaporation or via Darcy flow.
Finally, we assume that heat is transported via conduction in all three phases within the bean, but via
convection at the surface of the bean. A key feature of this model is ¢, which can be interpreted as a rescaled
ratio between Darcy-driven vapour transport and evaporation. One can interpret ¢ as a rescaled density ratio
of water vapour to water, and o represents the initial water-to-void volume ratio. The boundary condition
(6) is slightly modified from that in [6] and is described in Appendix A. Here, P, is the ambient vapour
pressure in the roasting chamber. We will also make the assumption that the change in boundary conditions
for P only occurs at one critical time, namely, t*. We define t* as when the time when the evaporation
temperature T, is achieved at the surface of the bean, i.e. as the solution to the equation

(9) T(1,t*) =T, := Py} (Pa).

This critical time will be used not only to signal the transition from one asymptotic region to another, but
also to determine the form of the boundary conditions to be used.

We divide our system of PDEs into three regions in order to understand the approximate dynamics that
occur in each region of the coffee bean. Using parameter values shown in [6], a typical value of € ~ 1.54 x 10~4
suggests that we should consider the limit of ¢ — 0%. Therefore, we will assume that € < 1, § is either O(1)
or < 1, depending on which region were are examining, and all other parameters are O(1). In this limit,
we can see from (1) that if time and space remain unscaled, I, = 0 will be our leading-order equation, and
from (8), this can occur in one of three ways. The first is if the vapour pressure is in equilibrium with its
steam table pressure, i.e. P = Pgp. As the initial data is consistent with the vapour pressure in equilibrium
with its steam table pressure, this will be the first case we will observe (which will be referred to as Region
i). Secondly, I, = 0 can be achieved by setting S = 0. This corresponds to where there is no more water
to evaporate off, and will be denoted as Region ii. A final case where I, = 0 is when S = o~!; however,
this corresponds to when the coffee bean is completely saturated with water, which we will discard as an
extraneous case.

We will also consider a narrow “drying front” that connects the two physically relevant asymptotic regions
where I, = 0 (Regions i and ii). This drying front, which is centred about r = R(t), propagates from the
surface of the bean towards the center of the bean and is where the moisture content S quickly goes from 1
to 0. In this drying front around R(t), we find that the temperature is spatially uniform, but will vary as
time progresses. The temperature profile within the drying front is denoted as T*(¢). A schematic diagram
of these three regions is shown in Figure 1, including the time ¢* at which evaporation first occurs at the
surface of the bean.

We will now discuss the leading-order asymptotics of the three main regions in the limit of ¢ — 0%
and, where applicable, the additional limit of § — 07. In Region i, where P = Pgr at leading-order, our
leading-order equations will reduce to a system of two PDEs for S and T. However, we will only be able
to obtain analytic results if we further expand the leading-order solution in € with an asymptotic series in
0. As we are only concerned with the leading-order asymptotic behaviour in Region i, we will not worry
about the relative magnitude between € and §, where we might observe cross-terms at higher orders. With
this additional simplification, we determine that S is constant at leading-order, and T can be described by
the heat equation. We can then determine a leading-order approximation of ¢*, which is the solution of a
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0 t t 0(1)
Fic. 1. A summary of where the different regions are as the bean dries. Region i is when the vapour pressure is in

equilibrium, Region ii is the dry region, and the dashed lines indicate the narrow transition layer between the regions, which
begins at time t*, defined in (9).

transcendental equation. However, we note that for ¢ > t*, Region i is bounded in r between the drying
front R(t) and the centre of the bean, and we cannot find any analytic results via similarity solutions or
separation of variables.

In order for Region ii to exist, we must have a transition layer in which S changes from 1 to 0. We
expect this “drying front” to progress to the center of the bean. In this thin region, we will determine the
leading-order ODE that governs the dynamics of S. In order to match with Region i, we also must have
that T and P do not vary in space at leading-order; they will, however, vary in time. In consequence, our
leading-order solution for 7" is denoted by T*(t), and for P to match with Region i, its leading-order solution
is Psp(T™*(t)). We will then show that the first order correction terms to T' and P can be expressed in terms
of the leading-order solution of S in the transition layer. While greater care needs to be taken when the
transition layer is near the surface and centre of the bean, we will assume that the same dynamics in the
rest of the transition layer apply at these endpoints. It is also important to note that we will assume that
d = O(1) in the transition layer.

Finally, we examine Region ii, where the evaporation has stopped due to lack of water. From our higher-
order matching from exiting the transition layer, as well as the coupled PDE system for T and P, this gives
us a Stefan problem in Region ii to not only determine T and P, but also R(t) and T*(¢). By assuming once
again that 6 < 1, we obtain via a further asymptotic expansion the leading-order behaviour of T*, R, P,
and T in Cartesian and spherical geometries.

2.1. Asymptotics of Region i. In Region i, we have, from (1), I, = 0 to leading order in the limit of
e — 0", implying that that P = Psp(T). Consider the asymptotic series valid as ¢ — 0T,

(10) S = So(r,t) + eSi(r,t) + O(*), T =To(r,t) + €Ti(r,t) + O(e?), P = Psp(r,t) +ePi(r,t) + O(e?).

Substituting these asymptotic expansions into (2) and (3) gives us to lowest order

25y (1 9
) G (G- oPerlTATm) ) + (1~ 00) 5, [Per(TAT] = V- [Per(ToAT) Y Por(Tu),
oS T,
(12) 5 (1 TTo) = Ag) + 2 [1+ A1T 0] = A5V - [(1+ AsSo) VT
where A(Tp) = ﬁ As we cannot solve this system analytically, we now suppose that § < 1 and write

an asymptotic series in powers of § for Sy and T} valid in the limit § — 0T as
(13) SO = SO(Ta t) + 55’1 (Ta t) + 0(52)» TO = TO(Ta t) + (STl (Ta t) + 0(52)

Substituting these asymptotic expansions into (11) gives us, to leading order, that 8#5;1 = 0. Therefore, the
moisture content of the bean stays at its initial value, i.e. Sy = 1. To lowest order, (12) then gives us

As(1+ Ay)
1+ A9

(14) % = KV*Ty, where K =
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Equation (14) has a time-dependent boundary condition, which depends on if evaporation has begun at the
surface of the bean. This can be stated as

(15) v - Ty

= (1 —TO|T:1) ot <t

(16) T | =T*(t), t>t*

r=R(t)
Additionally, we will continue to impose the symmetry condition VT, -n = 0 at r = 0, as well as the initial

data To(r, 0) = 0. We are able to solve the PDE for ¢ < ¢*, and in particular, determine a leading-order
approximation for ¢*. By solving (14) in spherical co-ordinates, we obtain that

(17) Z 7” sin(pinr) exp(—ppKt).

where the eigenvalues p,, satisfy the transcendental equation p,, cot(u,) = 1 — v and the constants ¢, have
the form

ety VAL
(18) =g
72(112n)2) v=1L1

To determine ¢* in spherical co-ordinates, denoted as t§ ;,, we impose, from (9), that To(1, tSpn) = Ta- When
v # 1, this is equivalent to writing

(19) Z ( cos? Ly, > exp(— 2 Ktg,,) = w’

ot sin? pu, — 2v

or when v =1,

(20)

Using parameter values shown in [6], yielding K ~ 2.25,v ~ 0.585, T, ~ 0.519, this gives us that t§ ) ~ 0.173,
or about 45.9 seconds in dimensional units.

Similarly, we can determine ¢* in Cartesian co-ordinates, denoted as t¢,,,, by determining that the
solution of (14) in Cartesian co-ordinates, with a Neumann boundary condition at r = 0, is

(21) To(r,t) =1=)  dy cos(Anr) exp(—ALKH),
n=1
where
2usin \,,
(22) Aptand, =v and d, = — 0
An(v 4+ sin® \,)

This in turn allows us to determine ¢, via the transcendental equation

1-1T,
2 )

= sin? )\,
23 N Kte) =
( ) g v+ blIl )\ exp( n Cart)

which, using parameter values stated above, gives us that t&, , ~ 0.494, or about 131 seconds in dimensional
units.
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2.2. Asymptotics of the Transition Layer. In order to understand how S varies from 1 to 0, we
must examine the transition layer in the € — 0 limit, with all other parameters (including &) being O(1).
We expect that this transition layer will happen when r is close to the “drying front” R(t), so we introduce
the scaling r = R(t) + e7. Once again, we can expand P, T, and S as asymptotic series as ¢ — 07,

(24) S = Sy(#,t) + €S1(7,t) + O(e?), P = Py(#,t) + ePL(7,t) + O(e%), T = To(r,t) + eTi(7,t) + O(e?).

We will first show that Ty (7, ¢) = T*(¢) and Py(7,t) = P*(t) := Psp(T*(t)). Do this, we note that, in order
to match our transition layer into Region i, we must have that

(25) Py — P*(t) and Tp|._, __ —T*(b).

T——00

By substituting (24) into (2) and (3), we obtain at O (e2)

8 | RS | o[0Ty B
(26) o |11 om| =% o el =0

We note that these equations hold in any geometry at leading order, provided that we are sufficiently far
away from any geometry-induced singularities that could produce additional derivative terms at O (6*2),
e.g. if R(t) = O(e) in spherical co-ordinates. Integrating (26) and imposing (25) implies that To(7,t) = T*(%)
and Py(7,t) = P*(t). To determine the leading-order behaviour for S, we note that using (24) in (8) and
expanding gives

Pgr = P* (1 + EMT1> +0 (%),

s+ 7) . 1+7
I, = —¢ <P1 — WTLP S()(]. —O'S()) W +O(62) .

Using these along with (25), we obtain, at O(e~!), that (1)-(3) give

(27)

(28) —R'(t) aa‘io =V (P, T1)So(1 — 0S),
dSo 1 1+.9T* 9P
* / —_ _ _ - - = *7
(29) oP*R'(t) 5 = 6\II(P1,T1)SO(1 aSo)( 1+ 7 )—I—P R
a5, B oT
(30) ~ A (1 4+ TT*R'(t) 8: =AW (1, T1)So(1 — 050) + As o [(1 + A4Sp) 67}} :

where

[+ 7 BA+T) .,
(31) (P, Ty) = ’/1+9T* (Pl— s hP )

Finally, the matching conditions with Regions i and ii are

(32) So—1, PL—0, and T} =0 as 7 — —oo,

(33) So— 0 as 7 — 400,
OP, oP

(34) g _or ’
OF listoo  Or lroR(t)
oTy orT

35 Ty _ar ,

) OF listoo  Or lr—R()

In interpreting (32)-(35), we note that the limits where r — R(t) are matching conditions for Regions i and
ii, whereas the limits where 7 — +o00 refer to matching conditions for the transition layer.

We will now show that in the transition layer, the terms P; and T; can both be expressed in terms of
So alone. Firstly, by eliminating the terms with (P, T3) in (28) and (29), we obtain

LOPP ., 1 /1+9T* .08
(36) P om = ["P 5 (Hyﬂ R 5
6
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Integrating this and imposing the matching conditions (32) yields
oP, 1/ 14971

=|=|———=) 0| R(t)(1 - So).
o7 {5 ((1+9)P*> U} (B = 5)
Similarly, eliminating terms with U(Py,T1) in (28) and (30) gives us

050 o1y

or or |’
Integrating and imposing the matching conditions (32) yields, after some rearranging,
0Ty 1—-5
—:——R’ Ay — A1+ ITTH)) | ——— .
B LR A A+ 7T ()
Finally, by rearranging (28) to isolate Sy, we obtain

(40) 2 . u(PLT)

So(l — O’S()) n R/(t)
In order to write a single ODE for Sy, we differentiate (40) with respect to 7, as well as substitute in (37)
and (39), to give us

(37)

(38) R(t)[As — A (1+ 7T7)] = Ag% [(1 +.A450)

(39)

928, 980\ 1—20S,
41 220 (220 2990 1— 1= S)T(S) =
( ) 8?2 ( a,f. ) S[)(l _ O'S(]) + SO( O.SO)( SO) (SO) 07

where we define

o s T [ () () ()

We note that, aside from the denominator 1+ .445p, the components of the function Y(Sp) are independent
in 7. Let us assume that So(#) is strictly monotone in 7. By taking f(#) = Sp(#) and g(#) = %2, we can
transform (41) into the system of first-order ODEs

5f _
(43) A,
ar — 9 Fa-of fA=af)(1 = £)Y(f),
and dividing the second equation of (43) by the first equation gives us

dg _ 1=20f _f(1=a)(1=)YW)
df " f(1-of) 7 '

By monotonicity of Sy(7), the functlon 4 is well-defined. We identify equation (44) as a Bernoulli-like ODE;

(44)

letting w = g2, (44) becomes

dw 1—20f

(45) JZQWW*QJCO*U‘IC)(I*J”)T(JC)-

Our ODE system has now become a linear first-order ODE for w(f). Multiplying both sides of (45) by the
integrating factor f~2(1 — o f)~2 and imposing the matching conditions (33) and (32) gives us

(16) o(f) = l—crf\// EFEY

Here, we pick g(f) = —y/w(f) to agree with f being a strictly monotone decreasing function (so that S
transitions from 1 to 0). Returning to our original variables gives us the first-order non-linear autonomous

ODE for Sy(7):

050
(47) oF = —S() O'SO \/ AO 1 — O’X

Hence, we conclude that P and T do not drastically change within the transition layer. Additionally, the
O(e) perturbations P; and T; can be related to Sy, which is the solution of a first-order ODE in 7.

7
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2.3. Asymptotics of Region ii. While the leading-order dynamics of S,7T, and P have been deter-
mined in the transition layer, we still do not have an explicit form for R(¢) and T*(¢). To find these, we now
examine Region ii, where zero water is present. From (1), we have that S = 0 at O(¢~?). However, this in
turn causes a cascading effect in the asymptotic expansion in € of (1), and we conclude that S = o(e™) for
all natural numbers n. Assuming the asymptotic series as ¢ — 07

(48) T = To(r,t) + €Ty (r,t) + O(e?), P = Py(r,t) + ePy(r,t) + O(e?),
and incorporating these substitutions into (2) and (3), we obtain
0 P, Py VE
(49) 10 | .| f0Vi0 ,
ot |1+ JT, 1+ 77T,
aTy 5
50 — = A3V7T,.
(50) T _ avem,
For our boundary conditions in Region ii, we have the matching conditions, and these imply that (33)-(35)
(51) TO|1*—>R(t) = T7(1), PO|T—>R(t) — P(1),
aP, or; 1/ 1+ 9T ,
52 —_— = — - — | — R (t
(52) or lror@)  OF listoo - {5 ((1+9)P*)> O} ®),
Ty oTy 1
53 — = — ——[As — A (1 + TTH| R (t).
(53) or lr—=r@)  OF listoo As A2 11+ B ()

In interpreting (52) and (53), we note that the limits where r — R(t) are for Region ii asymptotic expansions,
whereas the limits where # — +o00 refer to the transition layer asymptotic expansions.

We must also give an initial condition for R(¢), i.e. where the drying front begins. As the drying front
starts from the surface of the bean and at the threshold temperature for evaporation, our initial conditions
can be described as R(t*) = 1, T*(t*) = T,. Finally, our solutions must also continue to agree with the
external boundary conditions of the system, namely,

Ty 1+ Ay
ar 1-—0
Therefore, our leading-order problem exhibits a coupled system of two Stefan-like problems. Motivated by

the large Stefan-number approximation, we again assume that ¢ < 1. By rescaling time with 7 = §(t — t*),
we can examine the asymptotic series

(54)

) [1 - TO‘T:J and PO”I‘:l = P

r=1

(55) To = To(r,7) + 11 (r,7) + O(6%), Py = Po(r,7) + 6P1(r,7) + O(5°)
as & — 07. In consequence, our leading-order Region ii problem (49)-(54) becomes
(56) V2T, = 0,
PV P

(57) v-gizif:m

1+ 9T,
(58) TMT%RU)—>T“TL
(59) fbbgﬂﬂT)—>f”(TL

P, 14+ 7T ,
(60 O leniry ( i+ P ) B,

aTy
61 — 0
(61) Or lr—R(7) — Y

Ty 1+ A =

(62) I b —”(1g ) = Tol, )
(63) pO|T=1 Pav
(64) R(O) =1,
(65) T*(0) = To.
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By solving (56) with boundary conditions (58) and (61), this implies that Ty = T* (). However, by applying
(62) to this solution, this forces 7*(7) = 1. In consequence, this reduces our coupled Stefan problem into a
Stefan problem for pressure alone, i.e.

(66) v (POVPO) —0,

(67) 0|r—>R(7‘) -1,

(68> P0|r:1 = Pa7
oP, )

(69) or lr—R(r) R(r),

(70) R(0) = 1.

However, this solution cannot satisfy the initial condition (65) for 7%*(¢). For this to be resolved, we would
have to consider the full problem in ¢ rather than 7. As we have a Robin boundary condition in 7" on the
surface of the bean, a similarity solution not possible in any geometry, and therefore, an analytic solution
for (49)-(54) is not readily available.

2.3.1. Determining R(t¢) in Cartesian Co-ordinates with 7% = 1. In the limiting case where
§ < 1,ie T* =1, we can solve (66) with boundary conditions (67) and (68), provided that we neglect any
short-time discrepancies between the initial condition 7%(0) = T, and T* = 1. Solving this PDE system
gives us

(71) Py(r,7) = \/1 —(1-F2) (I‘gg).

Now, our Stefan condition (69) gives us the ODE

dR 1— P2
(72) dr ~ 2(1-R)’

Based on the initial condition from (70), our drying front in Cartesian co-ordinates based on leading-order
asymptotics, Roart(7), is

(73) Rcar(7) = 1 — /(1 — P2)T.

By returning to the original timescale of Region ii, we determine that Py can be fully expressed in Cartesian
co-ordinates as

1— P2

(74 PO t) = | P24 (1= 1)y ot
) 0 ) d (t - tCart)

Finally, we determine from (73) that the time to completely dry a bean based on leading-order asymptotics
is

75 dry g _.
( ) Cart Cart + 5(1 — Pa2)

Using parameter values shown in [6], as well as typical values P, = 0.0879, § = 0.1011, o = 0.0842, and

téart ~ 0.494, we compute that t‘érayrt ~ 10.46, or about 2768 seconds in dimensional units.

2.3.2. Determining R(¢) in Spherical Co-ordinates with 7% = 1. In the limiting case where
d < 1,ie. T* =1, we have that in spherical co-ordinates, by solving (66) with boundary conditions (67)
and (68), that

o= (55) (2 2).
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and our Stefan condition (69) gives us the ODE

dR 1- P2
(") dr ~ 2R(1—-R)

We use our initial condition (70) to give us, in implicit form, that the inverse function of the drying front in
spherical co-ordinates, Tgpn(R), satisfies the equation

(78) rspn(R) = W

We can invert (78) and solve Rgpn(7) in the correct domain and range and obtain

(79) Rspn(7) = % (1 - E(:e;((i)(_;’jg)m — exp <§m> =(3(1- P,fﬁ')) ;
where

(80) 200 = Y2V/Al— D) -2 + 1

and Z(x) uses the principal branch of the cube root. Now that we have determined R(7) in spherical co-
ordinates, we can return to our original timescale of the problem and obtain that our leading-order asymptotic
approximation for P is

(81) F™(r,t) = 1‘(1_P§> o 21— 1)
+

r exp(%5*) —omiy = \
o rnay T e (5 )= (3001 P2)(t ~ t,,,)

Sph

To determine the time where the bean becomes fully dry, we substitute R = 0 into (78) to obtain, in our
original timescale, that

1
dry _ %

(82) tSph - tSph + 35(1 _ Pa?) :

Therefore, to leading order, the time for a spherical coffee bean to dry out completely is tgg}'l ~ 3.495, or
about 925 seconds in dimensional units. Figure 2(a) shows a comparison between the Cartesian and spherical
asymptotic approximations of R(t).

2.4. Comparison of Asymptotic Approximations with Numerical Results. We now compare
these asymptotic approximations with the numerical solution of the PDE system (1)-(3). In particular, the
main result that we wish to consider from the asymptotics is the approximate form of the drying front R(t).
As we can see in Figure 2(b), the general shape of the dimensional drying front R(t) agrees reasonably well
with the dimensional drying front seen in the numerical solution, especially as R(t) — 0. However, we also
see that the drying time in the numerical solution is larger than the predicted tg;}}'l from asymptotic results.
This is to be expected, as the asymptotic results used were for when the Stefan number % — 400. Therefore,
for a smaller (but still large) Stefan number, we expect the drying time to be longer. Additionally, these
approximations for the drying front R(¢) only hold for the critical assumption 7% = 1. Because T%(t) will
be less than unity, this will cause the drying front to be slower than the asymptotic approximation, which
can explain why the numerical solution takes longer to dry out the entire bean.

3. Asymptotics of the Multiphase Model with Constant Temperature. In Section 2, we have
given an analysis of the leading-order equations governing Region i, Region ii, and the transition layer.
However, many of the leading-order equations cannot be solved unless a second asymptotic limit (in §) is
taken. Note that in this limit, the temperature within Region ii is, at leading-order, at roasting temperature.
As the thermal timescale of the multiphase model is much smaller than the vapour diffusive timescale,

10
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Fic. 2. (a) Comparison of the drying fronts Rcari(t) and Rgpp(t). (b) Comparison of the dimensional drying front
Rsph(t), shown in dash-dot red, against the numerical solution of the (dimensional) “simplified” multiphase model from [6] in
spherical co-ordinates, shown in black.

it seems reasonable to examine a simplified model where the coffee bean is held at roasting temperature
throughout.

In this section, we will now impose that 7" = 1 throughout the bean, which reduces the multiphase model
to a PDE system in two variables. In consequence, this means that evaporation starts at the beginning of
roasting rather than after a threshold amount of time (i.e. t* = 0) and our system of PDEs (1)-(2) become

oS 1
(83) 5 —6—2(1—P)S(1—JS),
(84) 911 e8Pl = L (1- P)S(1—08)+ V- (PVP)
ot 7 T e o ’
with boundary conditions
oP
(85) P| _, =P, ol 0,
and initial conditions
(86) S(r,0) =1, P(r,0)=1.

Formally, we will consider the asymptotics of this system in the limit as ¢ — 07; § will either be < 1 or
O(1), and all other parameters are assumed to be O(1).

3.1. Asymptotics in Region i. In Region i, we have that P = 1 to leading order. This automatically
satisfies the internal Neuman boundary condition P. ’r:() = 0. Therefore, by substituting (83) into (84), with
P ~ 1, we have that, to leading order,

0 108

Lla-os) =52

ot 0 Ot

For this to happen requires that % = 0. Thus, S is held at its initial value, i.e. S =1, and P, S are constant
to leading order in Region i. It is important to note that, since we assume that Region i is never in contact
with the surface of the bean, the boundary condition at » = 1 does not apply.

(87)

3.2. Asymptotics of the Transition Layer. As is done in Section 2, we introduce the scaling r =
R(t)+er to examine the behaviour as S transitions from 1 to 0. Again, we can expand P and S as asymptotic
series as € — 0:

(88) S = So(F,t) + €S (F, 1) + O(e?), P =1+ €ePi(7,t)+ O(e?).

11
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derivative 88% For uniqueness, we pick a constant of integration so that So(7) has an inflection point at r = 0.

Noting that temperature is now constant (implying that 77 = 0 and T* = 1), our equation to Y(Sp) shown
in (42) reduces to Y(Sp) = + — 0. From (37), this gives us

o _ ((15 - a> R (1)(1 - o),

and from (47), gives us the first-order non-linear autonomous ODE:

(90) aaio = —Sp(1— o—so)\/2 (; - 0) {1 - 7 log (11_0(2*0) +log (;())]

It is important to note a few key points about the ODE (90). Firstly, it is not explicitly solvable. Secondly,
due to translational invariance, we require an additional constraint for uniqueness. This can be achieved by
assuming the unique inflection point of Sy occurs at r = 0. With this additional constraint, we numerically
solve (90) and plot the results in Figure 3.

As we cannot obtain a closed-form solution to (90), we consider the asymptotic behaviour as Sp(7)
approaches either endpoint of the transition layer, i.e. as 7 — +oco. While what is done here is not a formal
asymptotic analysis, we can still use the results to find an approximation valid for all #. To do this, we
introduce the one-to-one transformation

(89)

1

(91) ®(So) = log <SO) > So(®) = T oxp(—B)’

1—0'50

which allows us to transform (90) into

(92) aai) = \/2 (510 - 1> (log[(1 —o)=9(cexp(®) 4+ 1)] — o ®).

This transform from Sy to ® will allow us to compute a more accurate approximation as 7 + co. We first
examine the case when ® — —oo, which corresponds to the asymptotic behaviour of Sy — 07, and yields

(93) g‘f N —\/2 (510 _ 1) (1= 0)log(1 — o) — o®) as B — —occ.

By separating variables and integrating, we obtain that as # — 400,

(94) B(7) ~ (1_0>log(1—0)—;((15—0) (F = C1)2,

g
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where C is a constant of integration. Finally, we can use (91) which tells us that

1 A
T as r — +00.

95 So(7) ~
( ) 0( ) 0__’_(1_0_), = eXp(lggg(f—Cl)z)

We note that this asymptotic approximation is only valid for when ® < (177") log(1 — o), which is equivalent
to stating that 7 > C7.

To construct an asymptotic approximation for (90) when Sy ~ 1, i.e. when ® ~ log (ﬁ), we note that

(96) Z‘f N(log(l—o)—l—(b)\/((ls—cf) (1-0).

By separating variables and integrating, we see that

(97) ® ~ —log(l — o) — Caexp (f\/(2—0> (1—a)> as 7 — —00,

where C5 is a constant of integration. Transforming back to Sy using (91), this tells us that

(98) So(7) ~ ! as 7 — —oo.

o+ (1—0)exp (C’Qexp (f (% —U) (1 —0)))

As this asymptotic expansion only has a singularity when ® = —log(1—o0), i.e. when Sy = 1, this asymptotic
approximation to the solution is valid for all 7.

Finally, in order to compare these asymptotic approximations to the numerical results shown in Figure 3,
we wish to “patch” these two approximations together in a way that minimises the absolute error between the
approximations and the numerical solution while still being valid for all 7. We can solve this minimisation
problem numerically and obtain that, using parameter values shown in [6] as well as the typical values
0 = 0.102 and o = 0.0842, the smallest maximum absolute error of ~ 0.03092 is achieved when C7 ~ —0.1973,
and Cs ~ 1.235. Additionally, in order for the asymptotic approximations to agree with the numerical
solution Sp(#)NU™ at the origin, this implies that Sp(0)N"™ ~ 0.3092. A comparison between the two
asymptotic approximations and the numerical solution is shown in Figure 4, which shows good agreement
for all 7.
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3.3. Asymptotics in Region ii. In Region ii, we have, from (83), that S = 0 at O(e~?2), which again
causes a cascading effect in the asymptotic expansion of (83). Therefore, we conclude that S = o(e") for all
natural numbers n. Additionally, by substituting the asymptotic series P ~ Py(r,t) + Py (r,t) + O(e?), (84)
becomes, at leading order,

P,
(99) % =V (PVP).

From (89), as well as noting that our evaporation start time ¢* = 0 in this section, our boundary and initial
conditions become

0Py
100 F =P, P —1 —_—
( ) 0 r=1 “ 0 r—R(t) ’ or

R (; - 0) R(t), R(O)=1

One could interpret the PDE system (99)-(100) as a Stefan problem, with %70 acting as the Stefan constant.
This problem has a similarity solution in Cartesian co-ordinates, as will be shown in Section 3.3.1, although
it cannot be explicitly solved. However, we can also examine the physically relevant large Stefan-number
limit by letting § — 0T, as was done in Section 2.3. By rescaling time with 7 = ¢ and considering the
asymptotic series Py ~ Py(r,7) + 6Py (r,7) + O(62), (99)-(100) become

- dPy
- P, B 51, &0
0 r—R(T) ar

r=1

(101) v (POVPO) -0, B

R'(t), R(0)=1.
onin P E O RO)

Solving (101) like in Section 2, we determine that in Cartesian co-ordinates,

. 1- P2
(102) Po(r,t) = \/Pg + (1=t R() =1 /(1= P2)st,

and in spherical co-ordinates,

1—P3 - 2(1 —7)
14 exp(2z1) E(3(1—P2)st)
1
2

(103) E(B(I-P2)3t) exp(251)
R() exp (%)  E(3(1-P})dt)
- E(3(1 — P2)dt) exp (23%) ’
where Z( \/2 —2x+ 1.

3.3.1. Determining R( ) in Cartesian Co-ordinates using Similarity Solutions. One might
consider using a similarity solution to solve the system (99)-(100) without the assumption that 6 < 1. To do
this, we let Py = h(n), where n = 1;\/{ Substituting this transformation into (99) gives us, using Cartesian

co-ordinates,
(104) () () + S0 () = 0

and (100) becomes

(105) h0)=P,, k(AN =1, KO)= w

Here, 7 = X corresponds to the moving boundary R(¢). Thus, our drying front based on the Cartesian
similarity solution, defined as Rgsg(t), is therefore 1 — A\v/t. We note that our choice of 7 allows us to
automatically satisfy the initial condition R(0) = 1. Thus, we can determine from this equation when the
bean will be completely dry, i.e. when Rgs(t) = 0. This gives us tgrg = % As (104) is not explicitly solvable,
it is necessary to numerically solve this boundary value problem in order to determine A. Using the shooting
method, with the typical values P, = 0.0879, § = 0.1011, and ¢ = 0.0842, we find that A ~ 0.3152, implying
that tdly ~ 10.06, or about 2664 seconds in dimensional units. With less than a 1% relative error to t‘;rg, we
conclude that t(égt ~ 9.964, as described in (75), is a very good approximation to the drying time computed
from the similarity solution. Figure 5(a) shows a comparison of the drying front Rgs(t) with drying fronts
determined previously via asymptotic methods, namely, Rcar(t) given in (73), and Rgpn(t), given in (79).
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3.4. Comparison of Asymptotic Approximations with Numerical Results. Comparing these
asymptotic approximations with the numerical solutions of (83)-(84), we can see in Figure 5(b), the general
shape of the dimensional drying front R(t) agrees well with the dimensional drying front seen in the numerical
solution. Because we no longer have the difference between the approximation 7% = 1 and the initial condition
T*(t*) =T, < 1 as we did in Section 2, it is expected that the drying front R(t) determined via asymptotics
has a better fit to the numerics. We see, like in Section 2, that the drying time in the numerical solution
is larger than tg;ffl, which was determined from asymptotic results shown in (82). However, this is to be
expected; a large (but finite) Stefan number would cause the drying time to be longer than the time produced
by the limit § — 0*.

4. Asymptotics of the Multiphase Model for more general evaporation rates with Constant
Temperature. In the constant temperature approximation, we have assumed that the evaporation rate I,
has taken the form I,,(S, P) = (1 — P)S(1 — 0S). It is quite possible that this Langmuir’s evaporation rate
[20] may not be the best way to model water evaporation in a roasting coffee bean. We therefore briefly
examine a larger class of evaporation rates in order to highlight the differences a revised model would present.
We will now consider a general class of evaporation rates, in which I, can be written as

(106)

1,(S, P) = —eF(S)G (P - 1) ,

€

such that F, G are continuous functions independent of € and satisfy the conditions

(107) F(0) =0,

(108) F(S) >0 forall Se(0,1)
(109) G(0) =0,

(110) G'(0)=X>0.

Physically speaking, (107) implies that evaporation does not occur with zero water content, and (108)
indicates that evaporation will not stop if a bean is partially saturated. Additionally, (109) tells us that no
evaporation occurs when the vapour pressure is at steam table pressure. However, (110) means that a small
decrease in vapour pressure from the steam table pressure will cause evaporation (rather than condensation)
to occur. To relate back to Langmuir’s evaporation rate, this would be the case where F(S) = S(1 — 05)
and G(¢) = ¢. Using this general form, the leading-order solutions in Regions i and ii remain the same, as
Region i still follows from (109) and Region ii follows from (107). However, in the transition layer, we can
show the dynamics for more general classes of evaporation rates. Using the same asymptotic series expansion
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as shown in Section 2.2, with the additional simplifications of T'=1 and 77 = 0, our leading-order solution
for (83) becomes

(111) ~ R(t) aaio = F(S0)G(P1),
and our leading-order solution for (84) becomes
o?P S
(112) B [87"21 —oR/(t) 8720] = F(S0)G(Py).

By equating these two expressions, we determine that, since the matching conditions (32)-(34) remain the
same, (89) must also continue to hold:

(113) ‘96;1 — R ((15 - 0) (1 So).

Thus, the Stefan condition (113) for Region ii is the same, implying that the asymptotics for Regions i and
ii are identical for all general evaporation rates of the form stated previously. Now, by dividing (113) by
(111), we obtain the following ODE for P; in terms of Sy:

dP,  R(t)*(3 — o) (1—So)
(114) S FSIGP)

By separating variables, we can integrate (114) and impose the matching conditions (32) once again and
obtain

(115) [ ewmm=wor (f-o) [ g

By defining

X
(116) F(X) = /0 ﬁdx,

we have that

. G ) dy )
117 So=1-7"" y .
() S ((R'<t>>2(§ )

Substituting (117) into (113), and noting that the function .# ~! is only a function of the variable P;, we
can separate the subsequent ODE and obtain that

(118) G(Py) = /Pl — ((;;G)%w )) —R{) ((15 - a) (- ),

where C is chosen so that the matching condition (32) is satisfied. Thus, by a final inversion of the function
¥, as well as substituting back into (117), our solutions in the transition layer are

Py(7)
iy =9 (R (o) i1 gt [ JoGWdY
W nnn =9 <R(t)<5 )( C))’ ol =1=7 <(R/(t))2(3so)>'

In general, the functions ., # 1, ¢4, and ¥~ ! are not easy to determine. However, the main purpose
of examining the transition layer is to examine the leading-order behaviour of S. One way to do this is
to determine the leading-order ODE for S by approximating G(i)) near ¢» = 0. Since P ~ 1+ ¢P; in the
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transition layer, we can make the approximation that G(P;) ~ AP;. Rearranging (111) and differentiating
the expression with respect to 7, as well as substitute in (113), this gives us the ODE

925y (0So\* F'(So) 1
12 o0 - =0.
(120) =2 (af) F(50) +)\<5 a>( So)F(So) =0
If we allow u = Sy and w = (%)2, we obtain, in similar nature by methods shown in Section 2.2, that
dw F'(u) 1

Multiplying (121) by the integrating factor [F(u)]~2 as well as ensuring that w = 0 when u = 1, gives us

(122) w =2\ ((15 - a) F(u)? /u1 %dx

Thus, if we return to our original variables of the ODE, and choose the negative branch of the square root
s0 So(7) transitions from 1 to 0 as 7 increases, we have

1 —_
(123) 385; = —F(SO)\/Q)\ <(15 - a> /S ;(—X))(dx

Motivated by the form of this ODE, we now consider a different evaporation rate that yields an explicit
solution for both (119) and (123). Suppose that F/(S) = S?(1—S) and G(¢)) = ¢, i.e. I, = S*(1—S)(1—P).
This implies, after integrating inside the square root, that (123) becomes

o

(124) aaio =—/2 <(15 - a) [So(1—S0)]2 .

This ODE can be explicitly solved by separating variables, and its solution is

(125) So(iy =21 —— "¢ ,

LoYe-ore

where C' is an arbitrary constant. This also tells us, from (113), that

(5-0) R(1)
2

89
8 S M2
7 C’+\/(r ) +1—5U

These results can be verified by using (119) and noting that for this choice of F(S) and G(v),

(126) Pi(f,t) =

FX) = g PO g
(127) (L
%(X):X—Q(R(t);(é ). 54*1(X):% X+\/X2+8(R’(t))2<(150)].

Therefore, for more general evaporation rates (106) that satisfying conditions (107)-(110), we have now shown
that the asymptotic behaviour in Regions i and ii is the same as in the specific earlier case. Additionally,
we have determined a general solution for the moisture content and vapour pressure in the transition layer,
defined in terms of inverse functions of integrals. These results allow us to conclude that while Langmuir’s
evaporation rate may not be the best model to describe the evaporation of water in roasting coffee beans,
the differences are only observed in the thin transition layer.
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5. Discussion. In this paper, we have extended results of the “simplified” form of the multiphase model
presented in [6] via asymptotic methods, in order to better understand the qualitative features of the coffee
bean roasting process. Motivated by previous numerical results, we considered the limit € — 0T, representing
the situation where vapour transport rate by Darcy flow is much smaller than the evaporation rate. The
asymptotic analysis showed that the solution could be divided into two main regions and a transition layer.
The entire bean was in the first region until a time ¢*, where a thin transition layer appears at the surface of
the bean. This transition layer then propagated into the bean creating a second main region between it and
the surface of the bean. This asymptotic limit is different from what has been studied previous in drying
models, since the rigid cellulose structure of the solid coffee bean creates a large build-up of vapour pressure
before in order to drive the vapour to the external environment. The analysis shows that a narrow drying
front, represented by the transition layer, is crucial to the drying process in this limit.

In the first region, the vapour pressure is in equilibrium with the steam table pressure and the moisture
content of the bean remains at its initial value, with heat flow governed by the heat equation. In the
thin transition region, the moisture content changes rapidly from its initial value to a small value. Here,
evaporation dominates and the temperature and vapour pressure remain spatially uniform. Finally, in the
second main region, there is almost no water and therefore no evaporation. The problem in this second region
consists of diffusion equations for the heat and vapour flow with coupling through the matching conditions,
similar to a Stefan problem, at the transition layer.

Numerical simulations suggest that the externally applied roasting temperature is attained globally
fairly quickly; hence, the case where temperature is fixed at roasting temperature was considered. This also
allowed the coupled Stefan problem to be reduced to a single Stefan problem, which could then be solved
via similarity solutions or large Stefan number asymptotics. The leading order expressions are shown to
agree well with the dynamics of the drying front found from numerical simulations, under both spherical
and planar geometries.

Motivated from the fact that Langmuir’s equation, described in [20], may not be the best representation
of water evaporation from a coffee bean a more general class of evaporation rates was also examined. By
continuing to assume a constant roasting temperature, it was shown that the explicit form of the evapora-
tion rate only affects the dynamics within the transition layer: in particular, how the moisture content S
transitions from its initial moisture to zero.

Despite several simplifications made in obtaining asymptotic solutions in each of the regions of the coffee
bean, a reasonable agreement between the asymptotic approximations and the numerical solution of the
multiphase model as described in [6] has been obtained. This suggests that the asymptotics found here
accurately capture the qualitative behaviour of the coffee bean roasting process, and provide an acceptable
compromise between a simpler heat transfer model (such as those presented in [5]) and more complicated
multiphase models. The asymptotic results presented in this paper can be extended in order to determine the
asymptotic dynamics of related heat and mass transfer models. The complete multiphase model described
in [6] incorporates variable porosity, and by using similar methods to those shown here, one might determine
the leading-order behaviour of the multiphase model with variable porosity. Similarly, one might use the
general asymptotic results for the multiphase model discussed here to guide the development of relevant
solid mechanics models, which take into account the structural properties of the coffee bean and allow for
variations in coffee quality due to structural deformations which may occur during heating and roasting.
Asymptotic results may also guide in the development of more complicated models involving many more
chemical reactions, as well as in understanding taste and aromatic properties of the final product.

Appendix A. Derivation of the Multiphase Model. Here, we will derive the multiphase model
discussed in this paper, which is motivated from the model presented in [6]. The “simplified” multiphase
model from [6] is

05

(128) B
o (1-S)p,\ 1 VP,

(129) e (w) BRLRR (w) ’

(130) 01611 0)7 00+ 6 (S04 TT)) = Iy + 7 (1~ 6) +G0) V2T + (G — )V - (SVT)).
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with the boundary conditions at the surface of the bean

Nu’uC?)(b(l B S)
G(L =) + oS+ (o1 - S)

the symmetry conditions at the centre of the bean

(131) VI n=(1-T) py=1+97 at r=1,

(132) VI -n=0, VP-n=0 at r=0,

the initial conditions

(133) S(r,0) =5y, T(r,0)=0, P(r,0)=psr(0),
along with

—py)S(1 -8 B, IT
(134) I, = g2 st 1p+)y(T ) and psr(T) = By exp <1jm1) .

Here, ¢ is the porosity (the ratio of the total volume the gas and liquid phases occupy to the total repre-
sentative volume), S is the saturation (the volume fraction of water divided by the total volume of water
and gas), I, is the evaporation rate of water, p, is the partial pressure of water vapour, T is the normalized
temperature, pgr is the steam table pressure, .7 = (Too — T0)/T0, while Z5, a1, aa, v, (1, (2, (3 are dimen-
sionless groups involving physical parameters. We note that in [6], the initial saturation value was defined
as Sy. Since this will mean something different in the analysis of this paper, we have changed the initial
saturation to be Sy = 0. Using the scaling

. . . o .
135 S=08, T=T, p,=psr()P, t=—2 i
( ) p pST( ) QSPST(l)

and defining the parameters

. D31+ T . pst(1)as . By T
(136) - s 'Tearay P

_ oo _ (G = 9) + (39) _ ¢o(C —(3)
W0 A= igmn-a7 2T AT G Maai -0 T G- 9+ 6o
the model of [6] is put into the form (dropping hats)

S 1
(138) o = ale
o [A+T)P1—-0S)] 108 [@+7)pvp

(139) at[ 1+9T }__5815 v { 1+ 39T }
(140) % +A1% [S(l-i—yT)] :A2%+A3V' [(1+A4S)VT].

Here, the rescaled evaporation rate I, and the rescaled steam table pressure Psp(7') are given by

(141) I, = 5(1 = 0S)(Psr — P) % and - Por(T) = exp (M) '

The boundary conditions we impose on the PDE system (1)-(3) are the symmetry conditions at the centre
of the bean
(142) VI -n=0, VP-n=0 at r=0,

as well as the heat transfer condition
1—-0S 1+ Ay
143 VT n= 1-T) at r=1,
(143) n V<10>(1+A4S( ) at r
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where

NUUCS(ZS(]- - U)
(CL(1 =) + C3p)(1 + Ag)

Previously, the model introduced in [6] imposes a Dirichlet condition in P at the surface of the bean. We
will instead impose a different boundary condition for P in order to prevent condensation from occurring at
the surface of the bean. This can be achieved by imposing that P is aligned with the steam table pressure
for temperatures below the evaporating temperature, i.e.

(144) v =

Psr(T), T <T,,

145 Pl _ =
(145) - P,, T>T,.

Here, P, := plst‘g) and T, := _Tl (P,). We will also make the assumption that the change in boundary

conditions for P only occurs at one critical time, namely, t*. We define t* as when the time when the
evaporation temperature T, is achieved at the surface of the bean, i.e. as the solution to the equation
T(1,t*) = T,. Finally, we impose the initial conditions corresponding to uniform initial moisture content,
room temperature, and equilibrium steam table pressure, i.e.

(146) S(r,0)=1, T(r,00=0, P(r,0) = Psr(0).
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